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Possible First-Order Transition in the
Two-Dimensional Ginzburg-Landau Model
Induced by Thermally Fluctuating Vortex Cores
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We study the two-dimensional Ginzburg-Landau model of a neutral superfluid
in the vicinity of the vortex unbinding transition. The model is mapped onto an
effective interacting vortex gas by a systematic perturbative elimination of all
fluctuating degrees of freedom (amplitude and phase of the order parameter
field) except the vortex positions. In the Coulomb gas descriptions derived
previously in the literature, thermal amplitude fluctuations were neglected
altogether. We argue that if one includes the latter, the vortices still form a two-
dimensional Coulomb gas, but the vortex fugacity can be substantially raised.
Under the assumption that Minnhagen's generic phase diagram of the two-
dimensional Coulomb gas is correct, our results then point to a first-order trans-
ition rather than a Kosterlitz-Thouless transition, provided the Ginzburg-
Landau correlation length is large enough in units of a microscopic cutoff length
for fluctuations. The experimental relevance of these results is briefly discussed.

KEY WORDS: Ginzburg-Landau model; XY model; two-dimensional
Coulomb gas; Kosterlitz-Thouless transition; vortices; fluctuations; super-
conducting films.

1. INTRODUCTION

The critical behavior of two-dimensional (2D) systems with a continuous
internal symmetry has been a most puzzling problem for a long time. Simple
physical realizations are superfluid or superconducting thin films, which
on a phenomenological level can both be described by a complex order
parameter field ¥, the boson or Cooper-pair “condensate wavefunction.”
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The internal symmetry is then a U(1) gauge symmetry acting on the phase
of .

Early theoretical work showed that the “usual” criterion for superfluid
order in 3D bulk systems!'’ namely long-range order (LRO) of the field ¥,
is not satisfied in 2D films at any finite temperature.’®’ The reason is low-
energy phase fluctuations, the Goldstone modes related to the broken
gauge symmetry, leading to ¥ correlations which decay algebraically to
zero with distance. However, it was quickly realized® that this “quasi”-
LRO was sufficient to ensure superfluidity. The correct criterion for super-
fluidity turned out to be rather a nonvanishing stiffness with respect to
long-wavelength phase fluctuations (the helicity modulus Y)"*' than true
LRO in ¥.

As a matter of fact, experimentally even very thin “He films of a
Sraction of an atomic layer showed clear signatures of superfluidity (see refs.
in ref. 5). Two-dimensional superconductivity was predicted'®”" for suf-
ficiently “dirty” samples (high normal sheet resistance) and observed in
continuous and granular thin films (see, e.g., refs. 8-11).

The nature of the transition from this superfluid phase to a high-
temperature phase with exponentially decaying ¥ correlations was clarified
by Berezinskii!'?’ and Kosterlitz and Thouless (KT).!'*'%) They realized the
essential role of vortices, i.e., phase singularities with nonvanishing winding
number (“vorticity”). The vortices interact logarithmically at large distan-
ces, and thus at low temperatures they appear as bound pairs of zero total
vorticity only which do not change the algebraic decay of the ¥ correla-
tions. However, at some finite temperature T, the largest vortex pairs in
the system start to dissociate (unbind) by a collective screening mechanism,
and the free vortices lead to an exponential decay of the correlations. (We
use the notation 7', here in order to avoid confusion with a “conventional”
critical point which will appear later.)

Usual phenomenological models of superconducting or superfluid
films are the Ginzburg-Landau (GL) model or the XY (“planar rotator™)
model,'> respectively (see also Section 2). The GL model is generally
believed to provide an appropriate description of superconductors close
to the bulk transition, since there is a microscopic derivation in the
framework of Gor'kov theory (see, e.g., refs. 16). The XY model may be
considered as the “phase-only” limit of the GL model, in which the
modulus of ¥ is fixed and only its phase is allowed to fluctuate.”
Together with the idea of thermally excited vortex loops, it has been
successfully employed to describe the superfluid transition of “He in 3D'®
and 2D,™'*) but there is no comparable microscopic justification as for the
GL model in the case of superconductors.

Since the KT transition is essentially caused by the interacting vortex
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system only, it appears in its purest form in a corresponding model system
of pointlike particles in 2D with a logarithmic interaction, the 2D Coulomb
gas (2DCG) model (for a review see, e.g., ref. 19). This model depends on
two independent, dimensionless parameters, a temperature 7<¢ and a
fugacity z€C of the particles. The GL and XY models may then be thought
of as particular realizations of the CG model, represented by particular
zC6(T ) lines."*”

Based on the ideas of Kosterlitz and Thouless, a systematic renor-
malization group (RG) theory of the KT transition has been developed,
usually starting from an XY or CG-type description.*®?" In the CG
picture, the KT RG equations are flow equations in the z€°~T<C plane;
the zE9(TC) line of a particular realization serves as initial condition of
the RG flow. In the RG framework it could for instance be shown‘®® that
the helicity modulus has a finite value Y(T— T!{7)#0 just below the
transition and then drops discontinuously to zero. Furthermore, the ratio
2nY(T)/ky T tends to the universal value 4 at the transition (T— T!{™).
This result may also be expressed in terms of pure CG quantities: general
hydrodynamic arguments®® show that the quantity (go(T<%) T<C)~! (g
being the k — 0 limit of the CG dielectric function) corresponds exactly to
the above-mentioned ratio 2rnY(T)/ky T at all temperatures, in particular
its discontinuity is the same.

This famous “universal jump” prediction is one of the central results
of the KT RG theory and has been verified to an impressive degree by
measurements on “He films'®’ as well as by numerical work on XY-type
models (see, e.g., refs. 24 and 25 and references therein) and CG-type
models.*®! Quite convincing evidence for KT universal behavior has also
been obtained for artificial superconductor networks, more specifically
weakly coupled Josephson junction arrays (JJAs)?”’ and wire networks, *®
which are both well described by XY-type models (see Section 2).

The situation for continuous superconducting films appears to be less
clear. Experiments on high-T, films (YBCO"%!") and dirty conventional
films (Al,'® In/InO"’) provide rather good evidence for a discontinuous
jump of the helicity modulus ¥ at the transition; however, in both cases
they seem to point to slightly /arger values of this jump. (We note that in
one case''” the authors explain the observed behavior of ¥ in a completely
different way, namely by percolation effects due to the granularity of the
film.)

Unfortunately, in the literature apparently no numerical results are
available on the critical behavior of the 2D GL model. Usually, the 2D GL
model is assumed!'”'*) to have the same universal properties as the XY
and CG models, since small-amplitude fluctuations of the order parameter
¥ have been shown®’ to.be irrelevant in the RG sense. These fluctuations
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are then neglected altogether, and one is left with a gas of GL vortices
(termed “Ginzburg-Landau Coulomb gas” (GLCG) in the literature®'?;
we will call it the “bare”™ GLCG, since fluctuations are not yet included)
whose interaction is logarithmic at large distances and cut off roughly at
the GL correlation length £. However, it is easily seen (see Section 2.1) that
right at the expected vortex unbinding transition, the amplitude fluctua-
tions can no longer be considered as weak and thus may well change the
critical behavior.

A further, conceptual problem of the “bare” GLCG is that the phase
space division A4 of a vortex is not well defined without additional
arguments."’® To get a rough idea of the size of 4, one may argue that
neglecting fluctuations at length scales <¢ corresponds to a lattice
regularization with lattice spacing ~¢&. Consequently, the vortex phase
space division is expected to be ~¢&?, since a vortex can be located at any
of the plaquettes of the lattice. A more systematic approach to this question
will be discussed at the end of this paper, in Section 4.4.

The above qualitative argument implicitly assumes that the only length
scale which enters the problem is &; in particular the z€9(T<%) line should
be independent of any microscopic cutoff length for fluctuations. In contrast,
in the present paper we study precisely the influence of small-wavelength
(<¢) fluctuations on the transition. In doing so, we still assume that
a description of the transition in terms of an effective interacting vortex
gas is justified. We then take all thermal fluctuations systematically into
account by a perturbative elimination of all degrees of freedom except the
vortex positions. Our results will indicate that these fluctuations strongly
increase the density of vortices at the transition or, in other words, they
shift up the z€9(T<°) line.

Already KT in their original paper''* noted that their approximations
are justified only when the vortex system is dilute enough at the transition,
i.e., when 25 =25(T %) is small enough. Outside the region of small z€¢,
universality will hold only as far as the RG flow remains KT-like in a
topological sense. On the other hand, Minnhagen®" (see also refs. 19,
32, and 33) investigated the whole phase diagram of the 2D CG model by
an extension to larger z“C of the KT-Young self-consistent screening
procedure!'**® of deriving the RG equations. Minnhagen’s modified RG
equations are nonholonomous integrodifferential equations which in the
small-zC limit reduce to the KT equations. Moreover, for small enough
z%C his corrections to the latter are irrelevant in the RG sense, ie.,
Minnhagen’s equations reproduce the same universal properties in this
region. At larger values of z“C, however, his equations predict a first-
order transition line which ends at some critical point (zS9, TSC)~
(0.029, 0.204). The KT line joins the first-order line smoothly from below
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at some point (z5C, T$9) = (0.054,0.144) (Fig. 1, qualitatively adapted
from ref. 33). The superfluid transition is KT-like up to this point and first-
order further above.

The first-order part probably may still be interpreted as a vortex
unbinding transition, which in contrast to the KT transition involves the
simultaneous dissociation of a finite fraction of ail bound vortex pairs in
the system. Its characteristics are nonuniversal; for instance, the jump of
the above-mentioned quantity [go(7<°) T<°]~"' depends on TS€ in the
first-order part of the transition, and it is /arger than the KT value 4.

In Fig. 1, we have included the z“9(7<C) lines representing the XY
model and the “bare” GLCG, where for the latter we used the functional
form proposed in ref. 35 (see also Section 2.3). The XY line definitely lies
in the KT regime; there is thus no contradiction between the Minnhagen
theory and the numerically well established fact (see references in refs. 24
and 25) that the XY model displays the universal properties of a KT trans-
ition. The GLCG line intersects both the KT and the first-order lines, but
the superfluid transition is still KT-like. Our aim here is to argue that
inclusion of fluctuations may shift the (7<) line even further up in the
first-order regime.

However, the Minnhagen scenario must still be considered as some-
what speculative. Some effort has been made (see refs. 25 and 36 and
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Fig. 1. Plot of Minnhagen's generic CG phase diagram."*'~** Also shown are the z“5(T°%)
relations [Eq. (18)] for the XY and GLCG models, using the parameters of Table I. In both

cases, a KT-like vortex unbinding transition is predicted.



366 Bormann and Beck

references therein) to decide whether a first-order transition exists in a
modified XY model with a “truncated” cosine interaction between
neighboring phase angles [which presumably also corresponds to a higher
z€G(TCF) line than the XY one in Fig. 1], but the conclusions obtained by
different authors are contradictory. Perhaps the strongest case in favor of
the Minnhagen scenario could be made by Jonsson et al.?* By a finite-size
scaling analysis, they established the existence of a critical point above the
KT line, which they identify with (259, TS).

In summary, in this paper we try to treat the mapping of the 2D GL
model on the corresponding interacting vortex gas in a somewhat more
complete and systematic fashion than has been done so far in the literature.
Thereby we find that fluctuations strongly enhance the vortex fugacity at
the transition, which may drive the transition first-order, provided the
Minnhagen scenario is correct.

The paper is organized as follows: in Section 2, we start with some
general remarks about the GL description of superconducting films and
networks, and also define our modified notion of the “Ginzburg-Landau
vortex gas” (GLVG). The details of the main calculation are contained in
Sections 3 and 4. The idea is to first investigate some kind of “saddle point”
configuration of the field for given vortex positions (Section 3), which
corresponds roughly to the “bare” GLCG discussed in the literature. In a
second step, we include thermal fluctuations around this configuration in a
Gaussian approximation (Section 4) and derive, as our central result, the
z€9(T <) relation for the GLVG. Section S contains a short summary and
conclusions.

2. THE EFFECTIVE GINZBURG-LANDAU VORTEX GAS

21. Ginzburg-Landau Description of Superconducting Films

The starting point of this paper is the GL free energy functional of a
complex order parameter field ¥ in 2D,

B

X[W]=Jd2r{a|¥’|2+§|'l’l4+y|V*I’[2} (1)

A physical system can be considered as 2D if the thickness of the film is
smaller than some minimum wavelength of ¥ fluctuations, such that varia-
tions of ¥ perpendicularly to the plane are negligible. Note that we also
omitted any coupling to the magnetic vector potential A, ie., (1) actually
describes a neutral superfluid. Nevertheless, as argued in the introduction,
such a local free energy is probably more appropriate for superconducting
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films than for *He films. At the end of this section, we will indicate under
which circumstaces the omission of a coupling to A can be justified.

H# is used to define statistical mechanical quantities like the partition
sum

Z o [ @werrtriaT (2)

The coeflicients o, B,y in J# are in general temperature-dependent quan-
tities: as usual, we assume that a vanishes at some “mean-field” critical
temperature 7.y, and that a <0 for 7T< 7T,. Furthermore, for (2) to be
defined, necessarily f, y > 0. There is some freedom in the interpretation of
the parameters «, f,7 and the order parameter field ¥; usually, one
chooses y = #*/2m,;, where m,, is the effective in-plane mass of the carriers
(electrons or holes) and interprets |¥|? as the local density of carriers in
the condensate. If we disregard boundaries, (1) assumes its minimum for
the homogeneous field configuration ¥, = (|«|/f)"? and for any other con-
figuration which differs from ¥_, by an arbitrary, spatially constant phase
factor.

For later convenience and clarity we introduce a dimensionless order
parameter field ¥ := (B/|«|)'* ¥ normalized such that ¢ = 1. With

2y o| (v >”2
K .= s ={-— 3
pent T\ @)
and
NS B SPPRE 2}
HLWY= [ & {55 (1= 017+ 901 @
we can then rewrite the exponent of (2) as
H[¥]_K
T —ZH[l//]+const (5)

where const stands for a y-independent term which is irrefevant for the
thermodynamics. £ is the GL “correlation” length which measures the
length scale on which ¢ relaxes to ¢, =1 away from a perturbation. We
will see later that it is also the correlation length for thermal fluctuations
of the amplitude |¢/|. Here K measures the stiffness of the i field over tem-
perature and its inverse will later play the role of an effective statistical
mechanical temperature. Note that 1/K and ¢ both diverge as T approaches
T from below, since ja| — 0. Both effects tend to enhance fluctuations, so
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if the KT transition is not preceded by some other transition to a disor-
dered high-temperature phase, there must be a vortex unbinding transition
at some temperature T, below T .

Expression (4) looks as if £ were the only length scale in the problem
and could be eliminated by a simple rescaling of all lengths, i.e., of r. This
is in fact the case in usual GL theory.*®’ However, in order to obtain well-
defined, finite results for statistical mechanical quantities like the partition
sum (2) or ¢ correlation functions, we have to limit the number of degrees
of freedom by a UV regularization which introduces a second length scale.
For definiteness, we may, for instance, put the model (4) on a square lattice
with spacing a,

a2

2&2

HYl=-5Y (1=WiP+ Y =y, (6)

i (/)]

where 3, denotes a sum over all pairs of nearest neighbor sites. Alter-
natively, we may supplement the continuum version (4) by the corre-
sponding momentum cutoff prescription {i.e., all momenta in the Fourier
representation of (4) restricted to the first Brillouin zone [ —n/a, n/a]?}.
We will assume that both prescriptions are essentially equivalent and use
them in paraliel.

Expression (6) clearly shows that {/a is a second (besides K) dimen-
sionless parameter which enters the model. In the limit ¢ < q, the first term
in (6) suppresses amplitude fluctuations of the order parameter away from
the value |,/ =1 and (6) reduces to the XY Hamiltonian,

Hy [Y1=3 le®—e®*=2 % [1-cos(8,—6,)] (7

iy U

where 6, is the phase of .. In this respect, the XY model is the “phase-
only” & — 0 limit of the GL model. As mentioned in the introduction, its
predictions agree well with measurements on Josephson junction arrays
(JJAs) and superconducting wire networks. From our point of view, the
reason for this success is that in these artificial networks the spacing of the
underlying lattices provides a macroscopic cutoff length a which can be
tuned independently of ¢. Weakly coupled networks,*”?® which are
preferred experimentally since their transition temperature is well separated
from the bulk transition, then always lie in the regime ¢ < a. Note that in
a model of type (6) for weakly coupled JJAs, ¢ is not equal to the bulk GL
correlation length, but is usually much smaller (as a matter of fact, ¢%/a?
is essentially proportional to the Josephson coupling energy between two
grains over the condensate energy of a grain). Consequently, there is no
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contradiction to the fact that usually ¢ is smalier than the bulk ¢ in these
systems.
The main points we want to stress now are the following:

1. In continuous superconducting films (as opposed to networks), &
is not independent of a. In fact, it always obeys the inequality
(za

2. If £z a, thermal amplitude fluctuations are quite strong close to
the transition.

In the remainder of this paper, we will then analyze in detail the effect
of these fluctuations and discuss in which way they may change the critical
behavior.

In order to demonstrate point 2, we disregard for the moment the
phase degrees of freedom and estimate the local fluctuations of the
amplitude in a Gaussian approximation. An expansion of the potential
term in the Hamiltonian (4) shows that amplitude fluctuations é |¢|=
[@| -1 have a “mass” 2/¢°. Therefore their mean square value at some
“temperature” 1/K may be estimated as

A2 '[ d’*k 1
<|l//|>_ 2K —nja (277:) Z/Cz‘f'k"

amiat g(k?) 1 (

=—1n

62

81tK-[ T S G a2> ®)
where in the second line we just have approximated the quadratic Brillouin
zone by a circular one of the same area (2n/a)’. At the presumed vortex
unbinding transition, one expects the dimensionless “inverse temperature”
K to be roughly of the order of 1, which implies that for & 2 a the || fluc-
tuations are of the same order of magnitude as its expectation value
squared, {|y|>2=1.

To show that for superconducting films always £ 2 a (point 1 above)
we first have to understand the meaning of the cutoff a in this context. In
fact, the Gor’kov derivation (see ref. 37, and also the reviews in refs. 16) of
the GL functional (1) from BCS theory does not immediately yield a local
form like (1), but involves integral kernels whose range plays the role of
the cutoff a. Both a and the GL correlation length ¢ can be calculated in
this framework and one obtains roughly

1
ST~ T/To) 17

Ql-f’h

9)



370 Bormann and Beck

where y = (1 + #/2nky Tt) "' is a number <1 for dirty superconductors and
=1 in the clean limit."® An immediate consequence of (9) is the validity
of the asserted relation &2 a at any temperature T. The ratio &/a diverges
as T approaches T, from below; note that one usually even assumes £ > a
to justify a local GL description. From BCS theory we can also estimate
the value of £/a in the interesting region close to the presumed vortex
unbinding transition: using (3), (9), one can show that

§z< A’nyp )”2~210<”2D[A_2]me

112
10
a \2mkgTK T[K]-K m”> (10)

where n,, [A ~2] is the number of carriers in the film per A2 and m,, their
in-plane effective mass. At the transition (T=T,), we assume again K= |
and (10) yields a &(T,), which is appreciably larger than a unless the film
has at the same time a high T, low carrier density n,5, and high in-plane
carrier mass m,, (note that these conditions may be realizable in films of
high-T. material whose thickness is a few unit cells).

The last point we want to address briefly in this subsection is the omis-
sion of a vector potential term in (1). A priori, such a coupling is important
also in the absence of an external magnetic field, since thermal y fluctua-
tions are accompanied by local supercurrents and therefore generate local
magnetic fields.

The argument for the conventional scenario (no fluctuations except
vortices) is well known'®” and goes as follows. It was shown by Pearl®®
that the logarithmic vortex—vortex interaction in superconducting films is
magnetically screened at a length

23
d

o~

A= (11)

where 1, is the bulk London penetration depth and d the film thickness.
For this reason, KT originally argued that a vortex unbinding transition
should not occur in superconducting films since the logarithmic interaction
at arbitrarily large distances is essential for the mechanism. However, it
was noticed later'® 7’ that for small d and sufficiently close to T, (note that
A, diverges as T— T), A, can become of the order of millimeters, i.e.,
comparable to typical sample sizes. Screening then should not wash out the
transition to a larger extent than effects of finite system size and is therefore
disregarded. The above authors restricted their argument to dirty films
with a large 4, (T'=0), but one can easily convince oneself using the GL
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relationship A; =A%c?B/32n || ye? that for any film, independent of its
specifications,
_ (ficje)*  12cm
> 8nKkyT T[K]-K

(12)

At T=T,, 4, should thus always be roughly of the order of 1 mm.

In this paper, we consider, in addition to vortices, the effect of
amplitude and phase modulations, which are of course also accompanied
by supercurrents. Screening effects lead in this case to an additional *mass”
term ~2/A? for fluctuations; in particular, the massless phase (Goldstone)
modes of the neutral superfluid become slightly massive. However, since
our calculations will involve fluctuations of wavelength <¢ only and since
we can assume ¢ < A because of (12), we believe that we may disregard
this effect, too. A more detailed discussion of this assumption may be inter-
esting, but we will not further enter this question here.

2.2. Elimination of Short-Wavelength Fluctuations:
Mapping on the Two-Dimensional Coulomb Gas

In this section, we outline the basic ideas of our approach. In par-
ticular, we try to clarify how the mapping of the 2DGL model at finite T
on its associated vortex gas can be carried out in a systematic way.

Our aim is to study the presumed vortex unbinding transition which
should show up in thermodynamic quantities like the partition sum (2). To
this end we try to transform (2) into the statistical mechanical partition
sum of an interacting vortex gas, i.e., we try to eliminate any degrees of
freedom except the vortex positions.

On the technical level, the main step is to introduce a new Ilattice
cutoff @ > a and to define an effective action S[i,] on a coarser lattice with
constant d (i.e., of the long-wavelength field components i) by integrating
out the short-wavelength components iy, which contain wave numbers
between n/d and n/a:

Z < Do exP(g[‘f/o]) (13)

O<k<n/d

exp(S[Yo]) =

nja< k <mn/a

@wlexp(—glfwow,]) (14)

If a is chosen large enough (G2 a, £) then we expect (13) to be dominated
by “saddle point” configurations y, of H with vortices at given positions
R, (and with associated vorticities m;) as constraints. The effective phase
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space of the resulting vortex gas will be formed by the plaquettes (with area
a%) of the coarser lattice, which is important for the definition of the vortex
entropy and thus for the thermodynamics. Nonsingular phase fluctuations
(“spin waves”) of wave numbers k£ < n/a are also still contained in (13), but
they decouple from the vortices as they do in the pure XY model and play
no role in the transition, so we will disregard them (see also Section 4.2).

On the other hand, if @ is not much larger than max(aq, £), then the
effective action S[,] may be determined to a reasonable approximation
by a Gaussian approximation to the functional integral in (14). Then 4
may be thought of as the smallest length scale on which vortices are well-
distinguished objects. In Section 4.2 we will realize the infrared cutoff n/a
by a mass 2/&2 of the field ¥, (“soft” cutoff), where ¢ is the GL correlation
length. Both quantities will then turn out to be related by 4% =a®+ 2r¢2,
which is in good agreement with our general discussion in the introduction
and satisfies the above criteria.

Disregarding phase fluctuations of wave numbers k < n/d@ as stated
above, we can express the vortex part of (13) as

Z,= ZN, X (HJ e )exp(sww’]) (15)

{m,} Ni=1

where the determination of S[y{"'] as a function of the R, m; from (14)
is the main technical task in this paper. N is the total number of vortices
(of mutual separation 2d) in the system. We will later see that thermo-
dynamically [ie., in the partition sum (15)] only vorticities m,= 41 are
important and, moreover, below T, only “neutral” vortex configurations
(obeying >, m;=0).

As we will see in Section 4.3, for vortex distances much larger than 4,
S[¥ {7 has an asymptotic behavior of the form

= d .—R,
STy "] "'—"(Z m;m; IHWTA+N#CG> (16)

CG
T i<j

1e., it behaves as a neutral two-dimensional Coulomb gas (2DCG). The
latter is generally defined by a partition sum of the form®’

z-2 = (1115Y)

{m;} Ni=1
1 R,—R;
X eXp ch(Z mm;In, IR, —R)| R ’|+NuCG) (17)
i<j <

where 3., now is a restricted sum over all neutral configurations of N
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vortices with m;= +1. Here 4 is the “phase space division” of a CG
charge, T is the dimensionless CG temperature, and —2u°® may be
interpreted as the creation energy of a neutral pair at distance R_. Note
that in (17) the interaction involves In, x :=max(0, In x), i.e., it is cut off
at smaller distances than R_. Such a cutoff is essential for (17) to be well
defined, but it can be realized in different ways."” It is easy to see that
despite the appearance of the four parameters 7Y, u®®, 4, and R, (17)
actually depends only on T<¢ and on the “fugacity”

2
CG _ & e“co/rcc, (18)

4

z

of the CG charges. The values which were used to draw the z“%(7°°%) lines
in Fig. 1 are taken from refs.21 (XY model) and 19 and 35 (“bare”
GLCG), and are collected in Table I. For the effective GLCG defined by
(1S5), (16) we have by definition 4 =32, but the short-distance cutoff is
not yet specified in (16). We assume here R x4, such that simply z° =
exp(u“®/TCC). This is reasonable since 4 is of the order of the vortex core
size. To demonstrate that the results for z°(T°%) are not too sensitive to
the choice of R, (nor presumably to the precise cutoff procedure), we have
changed the values of the cutoff distance R_ in the case of the XY model
and the “bare” GLCG by factors of 2 and 1/2. Note that there is an accom-
panying shift of 4““: the change to some other cutoff r; in (17) means that
we have to replace In, (R/R.)—In (R/R.)+In(R./R.), which (using the
charge neutrality condition) leads to

R 2-1/27€G
z—»z’=z(E°-> (19)

The results are shown in Fig 2 and present no essential changes
compared to Fig. I; the effects with which we will be concerned later are
much more pronounced.

Table |. Effective CG Paramaeters for the XY Model
and for the "'Bare’”” GLCG

Model R

<

xXyen a a —0.809
GLCG"0-3% 2.24¢ 16.4£2 —0.390
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Fig. 2. Same as Fig. 1, but with several different values of the cutoff R, of the vortex-vortex
interaction [see Eq. (17)]. The qualitative properties of the vortex unbinding transition of the
XY and GLCG models are not changed.

3. THE “SADDLE POINT’" CONFIGURATION

As we argued in Section 2.2, the long-wavelength component i, of the
field is essentially of the form of a “saddle point” configuration of H for
given vortex positions R; and vorticities m;. So our first step will be a
detailed investigation of these configurations and in particular of their
energies H[,]. In Section 4 we will then proceed to calculate the effective
action S[y,] of (14), by adding corrections due to thermal fluctuations
around these saddle points.

Since in this section we are not considering fluctuations, we can work
in the continuum limit ¢ — 0 [such that ¢ is the only length scale of the
Hamiltonian (4)] without encountering divergences. Only in Section 3.5
will we reintroduce a discrete lattice and discuss the way in which our
results then are modified.

3.1. Separation of the Vortex Degrees of Freedom

In order to see how vortices, i.e., singularities of the phase with finite
winding numbers (“vorticities”), can be imposed as constraints on the field
i, we write the latter in terms of real fields p, 8 (“amplitude” and “phase”),

¥ = pe® (20)
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and express the Hamiltonian (4} in terms of p, 6:

1 bl 2
Hlp,01= [ d’r {f (1= p?)? + Vp|? + p? |V6|2} 1)

The phase gradient can be split into its longitudinal and transverse parts,

V0=V3—nxVd (22)

where n is the unit vector normal to the plane. 9 is a nonsingular phase
field representing the “spin waves” and ® is a “vortex potential” which
satisfies the Poisson equation

V20(r)= —21 Y m5(r—R,) (23)

with pointlike integer “charges” (vorticities) m, at the positions R;, corre-
sponding to the singularities of the phase field § (£ changes by 2zm; upon
going counterclockwise around R;). & is determined by (23) only up to a
harmonic function; any harmonic contribution can, however, be absorbed
into 3, so that we may choose the particular solution

P(r)= —) m;In %

which finally renders the splitting (22) unique. In order to make the argu-
ment of the logarithm in (24) dimensionless we have introduced the only
length scale ¢ of the problem. Note, however, that for a “neutral” vortex
configuration (3, m;=0), @ does not depend on ¢. The physical content
of (22), (24) is that we have separated the vortex degrees of freedom
(expressed by their positions R; and vorticities m;) from the remaining non-
singular phase configuration 3.

(24)

3.2. The Vortex Core Structure (One-Vortex Problem)

Besides the phase field which defines the vortices, our Hamiltonian
contains the amplitude field p, which is strongly coupled to & close to the
vortex centers R;: far away from the centers (V@ small) it is expected to
have values p = 1; whereas it vanishes right at the vortex centers, p(R,) =0,
because otherwise the “vortex core” energies would diverge logarithmically
in the continuum limit. We call vortex core the regions of size =& around
R, where p significantly differs from 1. Since the structure of the core
regions is essential for the following, we will investigate here in detail a
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single isolated vortex of vorticity m centered at the origin. This subsection
is sort of a summary of results taken from the literature which are relevant
in our context.

Because of the isotropy of the problem we employ polar coordinates
r, ¢; in the saddle-point configuration of the Hamiltonian (21), the phase
field is then (up to an additive constant which we choose equal to zero)
given by

0,.(r, ) =m¢ (25)

and the amplitude p,, is a function of r alone. Inserted in (21), this yields
a reduced Hamiltonian of the one-vortex problem,

2 d’" ? mz
Halowl = [ar2mr {1 = pir+ (B2) 4202l 9)

Its minimum solution is determined by a vanishing functional derivative
with respect to p,,,

1
0= - 2 P T T =5 p(1 = p? 27
47U 6[),,,(') drz +r dr ’_2 pm 52 pm( pm) ( )

together with the boundary conditions

pm(0)=0,  p,(r)—1 for r— o (28)

The solution p,,,(r) rises monotonically from 0 at r=0 to 1 at r — 0. To
determine the asymptotic behavior of p,, at small and large r, one may
proceed as follows:

1. r<& here p,(r)<1, so we linearize (27) in p,, and insert an
ansatz p,,(r)~c,(r/£)* with a>0 and ¢,, a numerical constant, which
yields

dem ldpm m’ re?
+____pm m(aZ_mZ) 51

0~ (29)

drt " r dr

Thus o= |m|, and c,, is a constant of order 1 which has to be determined
numerically from the full solution of (27), (28). For m =1, ref. 30 gives

62 c2
lim ( ) ;:' =0.108, i€, ¢,-;=0582 (30)

r—0\27mr drp""l
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2. r»¢ here u(r):=1—p,(r)<1, so we linearize (27) in u and
insert an ansatz u(r) ~ c,,(r/€)? with f<0:

du ldu m? 2
O~r—S+-——+—=5(1l—-u)——
dr2+rdr+r2( u) fzu
, rf=2 m? rk
~Cm(ﬂ2~m2)7+72‘—20;.w (31)
For r— oo, the last two terms are the dominant ones, such that f= —2

and ¢, =m?%/2.
In conclusion, the asymptotic behavior of p,, is given by

c(r/E)™ for r<¢

S for e ¢y =0.582 (32)

p,,.(r)~{

Sketches of p,, for m=1, 2 are given in ref. 30. For later use we note that
the first line of (32) together with 6,, = m¢ implies that close to the vortex
center (r < &) the field ¢,, = p,,e™ has the simple power form

c(F/E)™ for m>0

¢, (F*/E) for m<0 (33)

b1~
where 7 =re* is a complex notation for the coordinate in the plane. Note
in particular that the complex field is perfectly smooth even in the center
of a vortex; a singularity only appears when one looks at the phase
separately.
Now consider the different contributions to the total energy H,,, (26).
Since for a circle-shaped system H,, diverges with the radius r,. as
~2mm? In r_, we split off this size-dependent term:

H.[pn]~2n (sz,(m)+E2(m)+¥+mzln%> (34)
for r.> &, where
E\(m) = lim (j drp"’ ’—‘)_—j dr dp"'l z (35)
o = dpm
Ez(m)..—I0 drr(?) (36)
E3(m)_j dr - (1—p2)? (37)

The second expression for E,(m) follows by partial integration.

822/76/1-2-26
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Table lI. Numerical Values for the £ Parameters
of the One-Vortex Problem*

m E, E» E,
1 —0.806 0279 1
2 — 0416 4

“ Equations (35)—(37). Taken from refs. 39 and 30. See explanation in text.

E,(m) can be calculated analytically by the following trick (we follow
an idea of ref. 30): let p,, be the solution of (27), (28) and let p,, ,(r) :=
pm{r/a). Then the energy H,[p,,.] is minimum for a =1. To yield finite
results it must again be regularized by a finite system radius r_ > £. After
a variable change r+ ar it reads

2 d n 2 mz
(1—pi,)-+({,’7) +7p,%,} (38)

2
o

282

Hollomad = dr 2 {

The minimum condition then implies that for r.» &

_Lad,
T 21 da

~mitp (= [ dr gz (1= p3 )~ m? — Ey(m) (39)
0 &

a=1
ie.,

Ey(m)=m? (40)

Once the system (27), (28) is numerically solved for a given m, the numbers
E,(m) and E,(m) can also be evaluated. Reference 39 supplies a value
E,(1)=0.279. This value is confirmed by ref. 30, which furthermore sup-
plies E,(2)/44+ E;(2)/8=0.604, ie., E,(2)=0416 and E,(1)= —In2.24=
—0.806. The mentioned values of E;(m) are summarized in Table II.

3.3. Interaction of Vortices at Large Distances

Let us now calculate the interaction energy of a given vortex con-
figuration defined by its potential @, (24), taking the core structure of the
vortices into account. The interesting term in the Hamiltonian (21) is the
third one, which couples p and 6. Inserting (22), we obtain
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j 4% p? V)2 =jd2r p? V9 —nx V|2
= [ p{IV81*~2V9- (nx V) + |V&|*}

=jd2r (p* V8] = 29n- (Vp? x Vo)
—®(p? VP +Vp? . Vd)} (41

The boundary terms appearing in the partial integration which leads to the
third line of (41) would yield a positive contribution to the total energy
which diverges logarithmically with the system size unless the vortex con-
figuration is neutral (3 ;m;=0), in which case they vanish. Nonneutral
configurations are therefore thermodynamically suppressed (at least at low
temperatures), and we consider here only neutral ones, for which (41) is
correct.

To find the saddle point field configuration for given vortices we now
have to minimize (21) [with (41) inserted] with respect to p and &
Because of (23) and p(R;)=0 the p?V?® term vanishes identically. In
general, the other terms interact in a complicated manner. However, we are
interested at vortices at distances =¢& since we will treat the short-range
fluctuations by other means in Section 4. Let us for simplicity assume that
the smallest distance |R;—R| between any two vortices in the given con-
figuration is R > ¢ and look for the leading terms in an expansion in &/R.
The vortex cores are now well separated and in any of them p is expected
to be given by the isotropic one-vortex solution of Section 3.2 plus a
correction of the order O(&/R) (a justification will be given below).
Together with (24) and by symmetry arguments this implies that Vp? x V&
is of order @(&/R), which in turn gives {see (41)] a saddle point configura-
tion of 3 of order @(&/R). Therefore (41) yields

[ @ o2 (V812 = — [ & 2(VO - Vp?) + 0(/R?)

(r I{)' ;pz |r llll 62
= ?J m;m; j d’r TEyE In +0 ( 2) (42)

In the second line, simply (24) has been inserted. The important contribu-
tions to the integral in (42) stem from a region of size ¢(¢) around R, the
rest is again O(£?/R?). To calculate this integral, we may then assume that
R;=0 and replace p by the one-vortex solution with vorticity m; centered
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at the origin, p,, (see Section 3.2). We further have to distinguish two
cases:

1. i#j;ie, R;=R,—R;=:4R, |4R| > R. In this case the logarithm
in (42) is dominated by a constant term In(|4R|/£) and contains further
terms ¢(&/R) which couple p in the core of vortex j to the other vortices.
This leads to an a posteriori justification of the above assumption that the
corrections to the one-vortex solution p,, around R; are O({/R). Again
invoking symmetry arguments we finally obtain

,.r'Vp? Jr—4R |4R pm, :
a2 R [T 0 (55)
2
M;u@(;) @

since p,, (r)— 1 for r — co.

2. i=j;ie, R;=R;=0. This gives the strong “self-interaction” of the
core amplitude of a vortex with its own phase configuration,

r-Vp? dp?, ¢
sz “in —2 f dr=1n E+(9<R2>
= —2nE,(m)+ O(E*/R?) (44)

We can now insert these results into (42), add the terms of (21) which
contain p only, and express everything in terms of one-vortex quantities. So
if Yo=1o({R;, m;}) is the minimum-energy field configuration with given
vortices of vorticities m; at positions R,, its energy is given by

— R 2
H[yo]= —4=n Z m;m; In IRTR’I—MI Z por(m;)+ 0O (%) (45)
where
~ 21 (m) = mE,(m) + Ex(m) + (46)

To zeroth order in &/R, this is just the Hamiltonian of a neutral two-dimen-
sional Coulomb gas of integer charges m, whose core energy (or chemical
potential yg, ) depend on m,;. Note that in particular (45) contains two-
body interactions only. We will later absorb the overall factor 4z in the
effective Coulomb gas temperature.

For later use we also calculate the quantity &~%{d?r (1 — |,|?) by
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relating it to H[y,] in the following way: since Y, is the minimum-energy
field configuration for a given vortex configuration {R;, m;} as boundary
conditions, the functional derivative  H/dys4(r) vanishes nowhere in space
except at the vortex centers r = R;. On the other hand, yy(r) itself has zeros
precisely at the vortex centers, such that (with ¥, = pe™)

0= [ @ ya Zii= [ e = 55 o701 = )+ IV 4 92 0P} (4)

Now after adding &2 [ d?r (1 —|o|?) on both sides, the rh.s. becomes
almost identical to H[},] apart from an additional factor of 2 in front of
the E; integral [see (37)]. In analogy to (45) we therefore obtain

IR,—R
ng (1=1Wol?) = —4x T mmyn == A

1 2
—47'52 [#GL(mi)—4 :|+0 <1€32>

i

=H[yol+n Y m}+0(&/R%) (48)

Identity (48) will be of central importance in Section 4 for the mapping of
the full problem including fluctuations on a Coulomb gas.

At low temperatures T < T, the partition sum (15) will be dominated
by configurations made out of bound vortex pairs of opposite vorticity.
Furthermore, higher vorticities |m| = 2 have a much lower statistical weight
than [m| =1 for pair distances R> ¢ because of their higher core energy
and stronger binding [see (45)]. We therefore assume that they play no
essential role in the vortex unbinding transition and restrict ourselves in the
following to configurations with m;= +1.

3.4. The Functional Derivative 6H/éy,

The field configuration i, which we studied in Section 3.3 is no real
saddle point of H since it is subject to the vortex boundary conditions
defined by {R;, m;}. However, clearly dH/dy(r;)=0 for r¢ {R,}, so we
expect something like dH/dyo(r;) oc d(r—R,;) for r in the vicinity of R,.
Since the functional derivative  H/3{, determines the linear energy of fluc-
tuations away from ¥, (see Section 4), we will study it here in some detail.
We consider again a neutral vortex configuration with minimum vortex
distance R> ¢. Let us look at a neighborhood of the position R; of the ith
vortex and consider the particular fluctuation 3y, generated by moving
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vortex { by an infinitesimal vector 6R;. Then (33) implies that for
[r —R;| < & (assume for simplicity that m > 0),

’:_Ri m é
batn~en () 0 (%) (49)
with complex representations 7, R, for r, R, as in (33). Consequently,
Clm A Dyt — | 23 é
OYo(ry~ _?(r_Ri) OR,+ 0 (E) (50)

Now (45) implies that up to terms @(£%/R?) the total energy of the vortex
system changes by an amount

5H['/’0] = _Fi'5Ri= _%(Fi* 6Ri+ﬁi 5R:*) (51)
where
R, — R
F,:=dmm; Y m——" (52)
Py "R~ R’

is the total Coulomb force on the ith vortex, which is @(1/R). On the other
hand, we can of course write

oH
OHTYo) = [ (555 s+ 500t ) (53)
which after insertion of (50) leads by comparison with (51) to
F—R\""' 6H & o, &
() s s froe—ravo () %)

Note that the factor in front of the § function is ©(¢/R), which will permit
us to neglect the corresponding terms in the perturbation expansion of
Section 4.

3.5. Interpolation to the XY Model

For convenience, we worked from the beginning of Section 3 in the
continuum limit a/¢ — 0. However, when we include fluctuations around
the saddle-point configuration ¥, in Section 4, we will have to impose a
finite lattice cutoff a. We will then want to expand around a suitable saddle
point for finite a/é. For the fluctuation corrections of Section 4 we will take
the discreteness into account mainly by a suitable cutoff in momentum
space. The question addressed in this subsection is, what are the necessary
modifications of (45), respectively (48), for finite a/&?
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The asymptotic behavior of the vortex potential at large distances
R> ¢, a will not be affected by the discreteness of the system. However, one
expects an appreciable effect on vortex core energies since in the core
regions the field Y always varies on length scales down to the order of the
lattice constant a. The extremest example is the XY or “plane rotator”
model, which corresponds to the £/a — 0 limit of {6), (4) where p= || =1.
XY vortices are known to interact at distances »a by a potential
47 In(R/a) and to have a well-defined finite core energy 4muy, (which is
approximately given by half the creation energy of a vortex pair centered
at neighboring plaquettes of the lattice), whereas (45) would predict a
logarithmic divergence of uy,, with &/a. More precisely, the energy
calculated from (6), respectively (4), of a neutral pair at distance R>q, £
has the asymptotic forms

R
47‘[ (ln _a‘—'zﬂxy> fOI‘ é<a

Velr)~ R (35)
4n (ln _é-_ 2;10,_> for (>a
where the respective chemical potentials are given by
8
—2;1”=y+l£2—z1.617 (see ref. 21)
(56)

1
‘2#0L=E1(1)+E2(1)+5z —0.027

Here y=0.5772 is the Euler constant and E(1), E,(1) are given in
Table II. The factor in front of the logarithm in (55) is not affected by the
lattice regularization.

We now look for a suitable interpolation formula for V.(R) which
correctly reproduces both limits (55). Since we require an asymptotic
behavior V«(R)~4nIn R + const for all ¢, it should be of the form

V(r) ~ 4n{In(R/a) — 2y — F(&*/a®)} (57)
where F is an interpolating function with the asymptotic behavior
F(0)y=0, FX)~3In X+ 2(ugL—pyy) for X>»1 (58)
A simple realization of conditions (58) is
F(X) :=Lln(1 4 Xe*®ar— )y Ln(1 + 26.78X) (59)

We tried to improve this simple guess for the interpolating function F(X)
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by fitting the first derivative F'(0) to the “true” value estimated by other
means. However, this kind of improvement had no substantial effect on our
final results, so we disregard it here. Finally, using expressions (57), (59),
we can rewrite the “saddle-point” field energy (45) for vorticities m; = +1
in the interpolated form (for R> ¢, a)

IR, —R/|
a

62

H[Yol~x —4n Y mm;In —2aNQuyy+ F( X))+ 0O (F) (60)

i<j
where N is the total number of vortices and X = £2/a2
Starting from the lattice analog of (47), one can work out an equiv-
alent interpolation formula for the integral (48), which, however, leads only
to negligible corrections. We will therefore later simply use the expression
(48) with the interpolated H[y4] inserted.

4. THERMAL FLUCTUATIONS AROUND THE
““SADDLE POINT"'

As we already argued in the introduction, we will identify the “saddle-
point’ field configuration ¥, with the long-wavelength components of the
field ¥ with wave numbers |k| < n/a. Note that the latter still contain long-
wavelength phase fluctuations which are absent in the “saddle-point” field
configuration. However, as we will argue in Section 4.2, they are not
important for the transition and can be disregarded. We will now calculate
the effective action S[y,] [Egs. (13), (14)] in a Gaussian approximation,
i.e., we expand H[y,+ ¥,] with respect to the fluctuations y, up to second
order and treat their coupling to the vortices perturbatively.

4.1. Perturbational Treatment of Fluctuations

The first step is to expand the GL functional (4) around :
1 ” 2
H[¢o+¢|]=fd2r{25(1—|lﬂo+lp||')2+lVI//o+VlP|| }
—Htpad+ [ (ST u it [ wa
+f2¢2 (202 Wl = 1) 1+ 08 + w3 )

fzcz{zwa*w,wow)|¢,12+|w1|“} (61)
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where the terms are ordered in ascending order in ¥,. In a vortex-free
configuration we would have |4l =1 and the linear terms in ¢, would
vanish. Now write again ¥, = poe™, take all terms which are quadratic in
Y, (and ¢ ), replace py by 1, and coliect them in some “free” fluctuation
Hamiltonian H,. Now (61) can be rewritten as

HlYo+ v, 1=H[Yod+ Hol¥ 1+ H,[po, 05, ¥ ] (62)

where
1 fi 2 il 2 2
Holy,] =fd2r {2—52 [2 19,12+ (e ™,)° + (™Y F)*] + IV%I‘} (63)

is the free fluctuation Hamiltonian and all remaining terms are collected in
the “perturbation”

H Lo, 80 1= [ {30+ 5zt

> ) e s
- 2—;(1—pa){4|¢.l-+(e-%,) + (%Y )} + O)
(64)

which describes the coupling of fluctuations to vortex cores and vanishes in
a vortex-free configuration. Closer examination of (63) reveals that, locally,
the field  has one massive and one massless component, the orientation
of the local reference frame being determined by the phase 6, of the
“saddle-point” configuration. More precisely, the real and imaginary parts
of the “gauge-transformed” field e~ correspond to massive amplitude
fluctuations (mass 2/¢?) and massless phase fluctuations, respectively. In
two dimensions the real-space propagator of a massless field is infrared
divergent, which causes serious problems in a perturbation expansion. In
the next section, we will therefore be concerned with the infrared
regularization of the phase fluctuations.

4.2. Infrared Regularization of Phase Fluctuations

In order to understand the physical role of long-wavelength phase
fluctuations, we return to the representation (21), (41) of H, where phase
fluctuations are described by a field 3. The terms which couple to & in (41)
only contain wavelengths <&, so long-wavelength components 3, with
|k| < 1/& decouple from the vortices and therefore play no role in the
vortex unbinding transition (note that in the continuum XY limit ¢ <a, 3
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decouples completely!). This leads us to assume that all components with
|k| < m/a are irrelevant and can be disregarded. We will then treat the com-
ponents with 7/d < |k| <n/a perturbatively. For technical reasons it is
convenient to realize this infrared momentum cutoff #/a in a “soft” way, by
assigning a mass to the phase fluctuations in (63). For simplicity we choose
this mass to be the same (=2/£%) as for the amplitude fluctuations, such
that (63) is replaced by the simpler, translationally invariant expression
with isotropic mass matrix

~ 2
Aol 1= [ (7 + 90.1) (65)

(We will argue in Section 4.4 that the relation between “hard” and “soft”
cutoffs is given by 3> = a® + 2n£2.) With this modification, the Hamiltonian
(62) now describes a system of interacting vortices together with a massive,
harmonic field ¢, [made up of amplitude and phase fluctuations and
described by (65)] which is scattered by the vortex cores. In the calculation
of the effective action (14) we may now integrate over all components ¥/,
with |k| < 7/a since the infrared cutoff is taken into account by the mass.
The free propagator corresponding to Hamiltonian (65) is given by

[dly ¥ .(r) y(0) exp(—H,) 2
0))>= =—=G 66
O = () 2 Golr)  (66)

where
d’k

Golr) = | gz Golk) ™" (67)
Gok ———1—— 68
o )_2/€2+k2 ( )

For later use in the perturbational expansion, we derive here some proper-
ties of G,. The local mean square value of y, is closely related to the
fluctuations already calculated in Eq. (8),

L d*k 1
5 CIil> = Golr=0)= J(Zn)22/§2 el 1n(1+27tX) (69)

where we again used the notation X = £2/a%. More generally, one can show
that
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1
— In(1 + 2nX) for r=0
4

Go(r) = ——l—lnm for a<|r|<¢ (70)
2n &

0 for |r|>a,¢

where the second line is relevant only if a < £. The n-fold convolution of G,
with equal arguments at the ends can be calculated in analogy to (69),

G )r=0)=[ [ Go(1,2)Go(2,3)+ Goln+ 1, 1)

n+1

—- d2k n+1
_.[—(27!)2 Go(k)

~erz d(k?)
~4T[ o (2/62+k2)"+l

Lo ff2\™" (4n  2\7"
iz -(G5) | o

which is never larger than its ¢ > g limit:

cln
n+1 — < 7
(G Nr=0)<—— (72)
We write out the particular case n=1 explicitly:
, 8 X ¢
drr Gy(ry’ x> ———< > 73
J & Gt 4 1+ 21X " 8r (73)

4.3. Diagrammatics

We will now calculate the effective action S{y,] [Eq.(14)] by
diagrammatic perturbation theory, starting from the decomposition (62),

Fig. 3. Diagrams corresponding to the interaction term H, of the Hamiltonian, Eq. (74).
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(64), (65) of the original Hamiltonian. The propagator of the theory is
(K/2) G,, defined by (67), (68). Furthermore, up to @(?) the interaction
term —(K/2) H, is represented by a sum of the diagram elements shown in
Fig. 3, with combinatoric factors of 1/2 for the symmetric diagrams (d) and
(e). The corresponding analytic expressions read

@=-3 [ v?

)= -3 [ 3ot

(°>=§f(1—pé)|w,|2 (4)
(d)=2§zf(l—pé>e2"'°w
(°)=2§zj(1—p8)e‘2”’°wf

respectively. Omission of terms of higher order than @(y7) just means
that we are working in the Gaussian approximation. The perturbation
series for the effective action S[¢,] [Eq. (14)] may now be expressed as
—(K/2) H[Y,] plus the sum of the diagrams shown in Fig. 4 with the
appropriate combinatorial factors (plus higher-order terms to be discussed
in a moment). We calculate these different diagrams separately, keeping
only the “leading” terms, i.e., those which contribute to the logarithmic
interaction or the chemical potential in H[y,] [Eq. (45)], and omitting
terms ((&%/R?).

@ F—<— ©

1 2

(b)
o 1

2
) (® 1 2

F<—e—<—
© F<$—o0——
F>—o—<-

QO

Fig. 4. Diagrams corresponding to the Gaussian approximation of the effective action

S[vs)-
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Consider first the “chain” diagrams in Fig. 4;

OH oH
a)__f J, 6 2 w1 303 (2)

Go(r—O)( > ZlF] —(0(6 > (75)

where we used (54) for m=1. Similar arguments show that all of the
“chain” diagrams [(b), (c), (d), and “longer” ones] are likewise 0(£%/R?)
and they will therefore be neglected.

The “loop” diagrams (e), (f),... in Fig. 4 are more interesting. The only
one which gives a contribution to the logarithmic term in the vortex inter-
action is diagram (e):

(e)=2Go(r=0)¢2 [ (1-p})

1 a
~ o= In(1 + 2mX)(H[Yo] + 7N) + 0 (F) (76)

where we used (69), (48) for m;= +1 and N is the total number of vortices
in . The higher-order loops all give positive contributions to the vortex
chemical potential. The most important of them is

2 :
3= ] [ Gol1,207 [1=po(1*101 = po(2)°]

=2

X
525—20 ) 2 [ (1-p2)? ~rcN1+2nX+(9(;2> (77)

where the < sign expresses that we used a Schwarz inequality to estimate
the integral at the Lh.s., and we used (73), (37), (40) to evaluate the r.hs.
(note that we took the symmetry factor of the diagram already into
account). Similarly we treat the next diagram,

1
3 () =5 [ Go(1, 20 [1= po1)7101 - po(2)*] cos 2084(1) ~ (2]

44

N X a?

< 0= 78
S Tvx T (R2> (78)

where in addition we neglected the cosine factor on the Lh.s., which is of
course a more serious approximation; however, the contribution of (78) is
smaller than that of (77) by a factor of 1/8 in any case, so we neglect this
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error. We note that both approximations (77), {78) would be good in a
limit where the range of Gy(r)? is much smaller than that of [1 — py(r)?],
but (70), (32) imply that both ranges are actually of the order of &

The dominant class of terms in the whole series is given by loop
diagrams of the form shown in Fig. 5 with #+ 1 nodes, n=1, 2,..., and a
symmetry factor of 1/(n+ 1) [the first two are (f) and (h) in Fig. 4]. An
upper limit to the contribution of any of these diagrams may be found by
again using a Schwarz inequality as above, and directly applying (72):

. n+1
- (Fig. 5 n+1< ) j LH Go(1,2) - Go(n+1, 1)
X [1—=po(1)2]-+-[1—po(n+1)*]

I -2 _ a2y yn+ 1
s27rn(n+1)f J.(l po) (79)

The integrals on the r.h.s. monotonically tend to zero with increasing n and
their coefficients alone form a rapidly converging series with sum 1/2x [for
comparison, the first term corresponding to diagram (f) in Fig. 4 already
contributes 1/4n]. Since we already overestimated the contributions of (f),
(g), we therefore neglect all higher “loop” diagrams and hope for the best.
We will see in the next subsection that any further positive contribution to
the vortex chemical potential amplifies the observed effect and thereby
strengthens our argument anyway. Putting everything together, we now
obtain

S[yel= — {g— 5 In(1+ ZnX)} HIVo] + g In(1 + 21.X)

1 1 X a
+27tN<§+E> 1 +27IX+CO (F) (80)

which together with (60) gives the effective action of the interacting vortex
system.

n+l

Fig. 5. Class of diagrams represented in Eq. (79).
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We finally note that of course all loop diagrams in Figs. 4 and 5 can
be calculated numerically to an arbitrary precision, but in view of the many
approximations and qualitative arguments involved in our derivation of S
we considered the above rough estimation to be more adequate.

4.4. Vortex Phase Space Division and Effective
Coulomb Gas Parameters

The result (80) of the last subsection already correctly defines the
partition sum (15) of the vortex system. However, the unit of length in (15)
is @ [which corresponds to R, in Eq. (17)], so that in order to make the
link to treatments of the neutral Coulomb gas in the literature we have to
write the effective action in the form

R.
Syl = TCG Y. m;m; ln%+N1n z¢6 (81)

i<j

whereas in (60) the original lattice spacing a appears in the logarithm.
Then (81) defines the effective dimensionless Coulomb gas temperature
T<C and fugacity z©. Using the neutrality condition 3, m;=0 and the fact
that m,= +1, we can rewrite the sum in (60) as

[R,~R| R| IR,-R| N, a

J
E m,mjln P zlna (8 )

Y. mm;In

i<j i<j

The second term will contribute to the fugacity z€¢, so we have to express
@ as a function of the model parameters a, £. Recall that & was an infrared
cutoff on phase fluctuations defined so as to have the same effect as a mass
2/&2. To determine d from this condition, note that the most important
term in the perturbation series is (f) in Fig. 4 [and Eq. (74)] since it is the
only one which contributes to the logarithmic vortex potential. Its size is
mainly determined by the factor

Kowpy=L ¢
2 <l >—4nln(l+2na2> (83)

calculated in (69). Now if one had chosen the “hard” momentum cutoff n/a
instead of the mass, the local fluctuations would have been given by

K, . d%k 1 1 mdd(k?) 1 &
2 =] [

~an 84
njd<ky p<mla (271.’) kz 4n ( )
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Identifying this expression with (83) leads to

a 1 &
- 1 >
lna 2ln( +2n a2> (85)
or, equivalently,

% =a*+2n¢? (86)

We insert (85) successively in (82), (60), (80) and obtain the required form
(81) of the effective action, the Coulomb gas parameters now being given
by the following expressions:

1
E=2nK—21n(l+2nX) (87)
cG 1 1
Inz =W Zuxy+F(X)—§ln(l + 2nX)
1 97 X
—In(t z_£
+21n( +27tX)+8 T3 2% (88)
0.08
0.06 A
7€C 0.04 -
0.02 4
0.00 = a -
0.00 0.05 0.10 0.15 0.20 0.25
TCG
Fig. 6. Minnhagen's CG phase diagram as in Figs. 1 and 2, but now with our final z€%(T<%)

relation for the GLCG [Eqs. (87), (88)], plotted for different values of ¢/a. The limit {/a=0
corresponds to the XY model as shown in Fig. 1. With increasing &/a the zCS(TC) line is
shifted toward the upper part of the phase diagram, finally reaching the first-order part of the
vortex unbinding transition.
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where 2uy,= —1.617 [see Eq.(56)], X =¢%/a? and F(X) is defined by
Eq. (59).

Equations (87), (88) are the final resuits of this paper. The expression
in curly brackets may be interpreted as a renormalized vortex chemical
potential, whereas the second line of (88) contributes to the renormalized
phase space division.

In Fig. 6 the zC vs. T curves are drawn in Minnhagen’s Coulomb
gas phase diagram for different values of the GL correlation length £ With
increasing £/a the curves cross the phase boundary at increasingly higher
values of z€, finally reaching the first-order regime for values of £ 2 a.
“Since we argued in Section 2.1 that in superconducting films always & 2 a,
we conclude that the latter are good candidates for a first-order vortex
unbinding transition. Because of the approximations and relatively rough
estimations involved in our calculations we do not insist on the quantitative
information conveyed by Fig. 6. However, we believe that the trend is clear
enough to be reliable.

Another interesting (although not unexpected) result might be that for
increasing &/a the transition occurs at increasingly higher values of X
[which according to (3) corresponds to smaller values of the “physical”
temperature]. In other words, the distance between T, and T, increases
with increasing £/a.

5. SUMMARY AND CONCLUSIONS

In this paper, we investigated the nature of the transition in the two-
dimensional Ginzburg-Landau model of a neutral superfluid. In doing this,
we assumed, as is usually done, that the transition is caused by the collec-
tive unbinding of vortex pairs. However, we paid particular attention to
short-wavelength amplitude and phase fluctuations of the order parameter
on length scales <¢ (the Ginzburg-Landau correlation length), which we
showed to be strongly coupled to the vortices. This is in contrast with pre-
vious work in the literature, where amplitude fluctuations usually are
neglected altogether and phase fluctuations are assumed to be only weakly
coupled to the vortices.

Eliminating perturbatively these short-wavelength fluctuations, we
derived an effective free energy for the vortex degrees of freedom. We argued
that this effective vortex gas still is a 2D Coulomb gas (ie., the vortex-
vortex interaction varies logarithmically at large distances); however, both
the effective temperature and the fugacity of the Coulomb gas are strongly
renormalized if ¢ is larger than a microscopic cutoff length a for fluctua-
tions. We argued that these considerations should be relevant for those

822/76/1-2-27
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superconducting films for which a BCS description is qualitatively correct,
since BCS theory predicts that always &2 a.

By this elimination process of small-scale fluctuations we furthermore
obtained a microscopic interpretation of the effective vortex phase space
division 4 as an interesting secondary result. In particular, we could clarify
the relation between 4 and the Ginzburg-Landau correlation length £.

Our subsequent conclusions concerning a possible first-order transition
then relied completely on the correctness of Minnhagen’s self-consistent
theory of a dense 2D Coulomb gas, which predicts a first-order vortex
unbinding transition with nonuniversal (not KT-like) properties for suf-
ficiently large values of the vortex fugacity (z<© = 0.05). Unfortunately,
the rather subtle differences between a KT-like and a first-order vortex
unbinding transition seem to be outside the scope of present experimental
investigations of real superconducting films. However, we think that an
interestingly and probably feasible (though likewise very hard) problem
would be to investigate numerically the critical properties of a lattice
Ginzburg-Landau model including fluctuating order parameter amplitudes.
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